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1. INTRODUCTION 
Let E be an infinite dimensional Banach space with a norm 1.1 E and let 
g be the phase space satisfying the fundamental axioms introduced by 
Hale and Kato [2] (cf. [3, lo]). If x: (-co, a+a) + E, 0 <a< co, then 
for any ?E(-co,cr+~~) we define x,: (-co,O]-+E by x,(e)=x(t+6), 
-m<t?<o. 
The purpose of this paper is to give sufficient conditions on the existence 
and uniqueness of solutions to the Cauchy problem of the functional 
differential equation (FDE) with infinite delay in a Banach space (for 
brevity, CP( 1.1 )), 
$ =f(t, x,), x,=cpE9?, (1.1) 
under the dissipative type condition 
[x(t) - y(t), f(c x,1 -AC Y,)l- G Q4c Ix, - Y,l,). (1.2) 
Here f: [a, o+a]xB(rp,r)-+E, ~(c~,r)={II/~~llcp--II/~~r}, is a 
continuous mapping and o(t, s): (a. c + a] x [0,2r] -+ [0, cc) is a Kamke- 
type function (for example, Nagumo-type function o( t, S) = s/( t - a)). 
There are many results [ 1, 4, 8, 93 on the existence and uniqueness of 
solutions for ordinary differential equations (ODE’s). These results have 
been extended to FDE’s with finite delay, provided a = C( [ -r, 01, E), 
0 B r < co, and o: [a, (T + a] x [0,2r] + [0, co) is continuous [6, 7, 81. 
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The main result of this paper is related to the uniqueness of the zero 
solution for the functional differential inequality 
Furthermore, using the idea in [ 121, we will give a comparison result 
related to the inequality (1.3). Our result extends the one obtained in 
[4, Theorem l] for ODE’s and modifies the one given in [6, Theorem 1 ] 
for FDE’s with finite delay. 
2. PHASE SPACE 69 AND APPROXIMATE SOLUTIONS 
Let R-=(-co,O], R+=[O,co), and R=(-co,co). We denote by 
B := B(R-, X) a linear space of functions from Rp to X with a semi-norm 
1.19, where X = E or R. If we wish to emphasize the dependence on the 
space X, we write gx. For VEX\, let Xz[S] (resp. X:(6)) be the set of all 
the functions x from (-co,o+S] (resp. (-03,rr+6)), 6>0, to E such 
that x, = cp and x(t) is continuous on [a, [T + S] (resp. [a, u + 6)). 
Throughout this paper we assume that the following axioms on the phase 
space g are always satisfied: 
(B,) If XEX,“(A), 0 <A d co, then x, also lies in 98 for all 
t E [a, g + A) and x, is continuous in t on [a, g + A). 
(B2) There exist functions K(t) > 0 and M(t) 2 0 with the following 
properties: 
(i) K(t) is continuous for t in R+. 
(ii) M(t) is locally bounded on R+. 
(iii) For every function x E XT(A), it holds that 
~x,~~~~(t-a)sup{Ix(s)l,lo~s~t}+M(t-a) I&I* 
for tE[o,u+A). 
(B3) There is a positive constant L such that I’p(O)(,< L 1~1~ for all 
cpE.33. 
Furthermore, we assume that 9P and aR are related to each other as 
follows: 
(C) If tj: Rp + E is a continuous function with compact support, 
then the equality I$llh= l($)l,R holds, where ($)(8)=lll/(0)lE for 
QER-. 
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Two examples of the phase space BE below were given in [2], which 
satisfies the condition (C). 
EXAMPLE 2.1. Let y E R. The space %; is the space of continuous 
functions 40: R- + E having the limit lim, t ~cc e’“rp(s) with the norm 
ld~,.=swsER- e’.’ I&ME. 
EXAMPLE 2.2. Let 
~={((P:R--tE(measurableon(-co, -r], 
continuous on C-r, 0] and IqIY < co}, 
where O<r< co and 
Hereafter, we denote by C( [a, h], A’) the set of all the continuous 
functions from [a, b] to X with supremum norm. For a function z in 
C( [a, b], R), let (D+ z)(t) and (D + z)(t) be the right hand upper derivative 
and the right hand derivative at t E [a, b), respectively. 
Define a linear operator S(t): %? -+ 5?‘, t > 0, by 
[Is(t)cpl(w = W,;;; O) 
i 
if t-to<0 
if t + 0 > 0. 
Clearly, {S(t)>,,, is a strongly continuous semigroup of bounded linear 
operators on !4?. If f, Tc %9, is relatively compact, then for any E > 0 there 
exists a S(s)>0 such that IS(t)q-S(r)$I,<E, whenever It---z1 <S(E), t, 
r~[O,a], O<u<oo, and Icp-l//la<S(s), cp, $~r (see [2, Lemma2.11). 
Using this fact and the argument in the proof of [S, Theorem 2.3.21, 
we can construct approximate solutions for CP(l.l). Let K,= 
sup{ K(s) IO d s Q 6) and we denote by kJ the set of all the positive integers. 
LEMMA 2.3. Suppose that the phase space BE satisfies axioms (Bi)-(B3). 
Assume that f: [o, o + a] x gE(cp, r) -+ E is continuous and If I E GM on 
[c, C-J + a] x LBE(q’, r). Let 6, be the largest number such that 
IS(t)cp-qlIE<r/2 on CO,&J and let (&,,I, E, > 0, be a nonincreasing 
sequence with lim,, m E, = 0. Put [ = min{u, r/2K,M, S,}. Then for any 
n E N there exist a number NE N, a sequence {t:} FzO in [a, (T + [] and a 
sequence {x’: ( - GO, CJ + [] + E} such that 
(2) t;f=a, tk=o+i, and O<t:-ty_,<&,for each i, 16idN; 
282 JONG SON SHIN 
(3) Ix”(t)-xx”(s)l~~A411t-slfor t, sE[o,o+i]; 
(4) {x7} is equicontinuous on [o, 0 + i]; 
(5) x”(t) is linear on [tl-,, t’] and iftg [tyW1, t:), then 
(D+x”)(t)=f(tl~,,x~~~,); and 
(6) if I+--Y~-,Id~l <&M/t;-tl_,( +r(tl-tt:-,) and tE [tr-,, tr], 
where r(t)=sup(IS(t)$-S(0)$IB~I$E~} and r= {S(~)cpIO<t66~}, 
then 
LEMMA 2.4. Assume that all the hypotheses of Lemma 2.3 are satisfied. If 
the sequence {x”(t)> defined in Lemma 2.3 converges pointwise to a function 
x(t) with x, = cp on (-co, a+ [] as n--f co, then x(t) is a solution of 
CP(l.l) on [a, a+[]. 
3. MAIN RESULT 
In this section, we shall prove a theorem for the existence and uniqueness 
of solutions to CP( 1.1). 
A function q: (a, 0 + a] x [0, 2r] -+ R is said to be a Kamke-type 
function if the following conditions hold: 
(vi) r] := q(t, s) is a real-valued function, defined on ((r, (T + a] x 
[0,2r], which is Lebesgue measurable in t for each fixed SE [IO, 2r] and is 
continuous in s for a.a. t E [o, c + a]. 
(n2) There exists a function ~1, defined on (G, (r + a) and locally 
integrable there, such that jq(t, s)l <a(t) for a.a. t E (a, cr +a] and all 
se [0,2r]. 
In particular, if the function CI arising in (q2) is integrable over (o,g + a], 
we say that v] is a Perron-type function. For a function z: (a, G + a) --) R, 
we set (D+z)(b)=lim,,,+, z(t)/(t-CJ). 
Now, we shall present conditions on the uniqueness of the zero solution 
of some differential inequality (or equation) related to a Kamke (or 
Perron)-type function o: (a, CJ + a] x [0,2r] + Rf. 
(a) z ~0 is the unique absolutely continuous function from 
(---,a+~] into R+, which satisfies the initial condition (D+z)(a) = 0 
and z,=OESY~ and 
$4t, lZ,lIR) for a.a. t E (a, 0 + a]. (3.1) 
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(P) z E 0 is the unique absolutely continuous function from 
(-co,a+a] into R+, which satisfies the initial condition z, = 0 E gR and 
dz 
& = 46 Iz,I g4R) for a.a. tE(0, ~+a]. (3.2) 
To prove the main theorem, we need two lemmas which extend the 
results [4, Lemmas 2.1 and 2.21 for ODE’s. 
LEMMA 3.1. Let o(t, s): (a, o+ a] x [0, 2r] + R be a Kamke-type 
function and let {z”} be a sequence in Xz[a], PE$, such that {zn(t)} 
converges pointwise to a function z’(t) on (- co, 0 + a] as n + co. Assume 
that 
(1) there exists a constant H > 0 such that 
Iz”(t)-zz”(s)J,<H(t-s( foralf t,sE[o,o+a]andnEN; 
(2) z”(t) satisfies the differential inequality 
for a.a. tE(cr, o+a], 
whereo,>Oanda,-+Oasn+co. 
Then 
f lzO(t)l, d 046 I%, for a.a. tE(a, a+a]. (3.3) 
Proof: From the assumption (1) we have z”(t) -+ z’(t) uniformly on 
[a,a+a] as n+co. Since lz:-zyla<K(t-a)sup{Iz”(s)-z”(s)lXIa< 
s < t} by axiom (B,), we have z: -+ zy on [a, a + a] as n + cc and so, 
Iz:[~ + Izyla on [a, a+a] as n + cc. For a.a. tE (a, a +a] and for 
sufficiently small h > 0, we have 
Iz”(t + h)l,- Ip”(t)/\.<lrth o(s, lzilB) ds+ ha,. 
I 
By the Lebesgue’s dominated convergence theorem, we see that 
Iz”(t + h)lx - l~~(t)lx4j~‘+~ w(s, I&) ds. 
Dividing both sides by h and letting h + O+, we obtain (3.3). This 
completes the proof. 
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In order to state the following result, in addition to (B,)-(B,), we need 
the following axiom (B4) on the phase space gR: 
(B4) If cp and $ are in aR and 0 <(p(8) < G(d) for all 0~ R- , then 
the inequality 1 cp[ ,gR d I$1 agR holds. 
LEMMA 3.2. Suppose that gR satisfies axioms (Bi)-(B4) and o(t, s): 
(a,a+a]x[O,2r]+R+ is a Kamke-type function which is nondecreasing 
in s for U.U. t E (a, o + a]. Let H > 0 and let 9 be a family of continuous 
functions w: (-co, a+a] +R+ such that w,=OEB’ and Iw(t)-w(s)1 d 
H 1 t - sl for all s, t E [a, c + a]. Assume that for each w E 9 
for U.U. tE(o,G+u). 
Ifwe define z(t)=sup{w(t)l we9;) for tE(-m,a+u], then 
dz 
pe IZrl.@) for a.a. t E (0, B + a). (3.4) 
ProofI From the assumptions it follows that for each positive integer n 
there exist K subintervals I,, I,, . . . . Z, in [a, e + a] and K functions WI, 
w2, . . . . w“ in 9 such that 
[o,a+u]= i, zj, Zi n Zj # 4 (i#j) 
I=1 
and 
O<z(t)-wi(t$ for all t E I, 
(cf. [4, Lemma2.21). Put z”(t)=max(w’(t), w’(t), . . . . w”(t)} for t E 
(--,a+~]. Then Iz”(t)-z”(s)ldHIt-sl for t, SE[G,C+U] and the 
sequence {z”} converges uniformly to z on ( - co, cr + a] as n + 00. 
On the other hand, for each t E (a, e + a) such that (d/dt) z”(t) exists, we 
have 
dz”( t) dw’( t) -=- 
dt dt Gw(i Iwll.#) 
for some i, 1 < i < K. Since 0 < wi( t) < z”(t) for all t E (- co, e + a], we have 
lwilgR < Iz:I,~ for t E [a, c + a], because of axiom (B4). Thus, it follows 
from the nondecreasing property of o that o( t, Iw:l *R) < o(t, 1~71 a~), 
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which implies that the function z”(t) satisfies the differential inequality 
(3.4). By Lemma 3.1 the proof is completed. 
Define a function [ , ] _ by 
for u, v in E. 
For properties of the functional [ , ] _ see [S, Lemma 1.2.21. Let 
~~[a,r]={x~X~[a]~~x,~~brfor all tE[a,a+a]}. 
We are now in a position to prove the main result in this paper. 
THEOREM 3.3. Suppose that the phase space BE satisfies axioms 
(B,)-(B,), while 4Y’ satisfies axioms (B,)-(B4) and that they are related to 
each other by the condition (C). Assume that f: [a, a + a] x BE(‘p, r) --* E is 
continuous and If I E < M on [a, a + a] x #((P, r) and that there exists a 
Kamke-type function w(t, s): (a, a + a] x [0, 2r] -+ R+ such that 
( 1) o( t, s) is nondecreasing in s for au. t E (a, a + a]; 
(2) the condition (Q) is satisfied; and 
(3) for x, y~Xz[a, r], the inequality 
[x(t) - y(t), f(4 xt) -f(t, Y,)l~ G dt, Ix, - Y,l.@) 
for a.a. I E (a, a + a] holds. 
(3.5) 
Then CP( 1.1) has a unique solution existing on [a, a + [] for some [ > 0. 
Proof Let (xn(t)}nGN and {t~};Y_o, NE N, be the sequences in 
Lemma 2.3. Put wm,n (t)=x”(t)-xx”(t) for tE [a, a+i] and mana 1. 
Since I Iw”,“(t)lE- Iu~~,~(s)I~I < Iw”.“(t)--wm,“(s)IE < 2M It-s1 for all t, 
s E [a, a + i] by Lemma 2.3, I wm*n( t)l E is absolutely continuous. Thus for 
a.a. tE(a,a+[) we have 
f IWP.n (t)lE= Cxm(t)-.n(t,,f(t,y, x7)-f(t’, x:n)l / 
for some i and j 
Gd& Iwyl.@)+ lf(t, x:)-f(t;, q)IE 
+ If(c x;l)-f(t,mT $yE 
(cf. [8, Lemma 1.2.21). On the other hand, setting 
for se [a, a+[] 
for sE(-~9, a], 
286 JONG SON SHIN 
we have yy =x: - S(t-o)cp for ZE [a, a+[]. Hence 
Ix:-x;4~~d I.Jq- y;y:&+ Iq-~)cp-S(t:-~)cplgfi 
~IY:-Y~~l~~++c~~~-~:~-~~~~l~~~~-~~lcpI.~~ 
<K,MIt-t;l+r(t-t;). 
From these facts, Lemma 2.3 and the condition (C) it follows that 
$ 1)$,-n (f)l E d Q4c IWY L7pE) + 2% 
=w(t, I(w7”)I@)+2&, 
for a.a. t E (a, cr + [I. Set w”(t) = ~up{Iw”Yt)l~lm > n>. Then by 
Lemma 3.2 we have 
d 
for a.a. t E (a, (T + [). 
Since the sequence {w”(t) > is nonincreasing, there exists a function w(t) 
such that w”(t) + w(t) uniformly on (- co, (T + [] as n + co. We note that 
Iw”(t)- w”(s)1 d2M It ---I for t, SE [a, a+ (1. Thus, by Lemma 3.1, we 
have 
$ w(t) d dt, IW,lPR) for a.a. t E (a, fr + 0. 
It is easy to see that w(t) is an absolutely continuous function with 
(D’w)(a) = w(o) = 0. Thus we have w(t) E 0 by the condition (Q). This 
implies that {x”(t)} is a Cauchy sequence in C( [g, 0 + [I, E). Hence there 
is a function x(t) with x0= cp such that (x”(t)} converges uniformly on 
[cr, (I + [] to x(t) as n + co. From Lemma 2.4 we see that x(t) is a solution 
of CP(l.l). It is not difficult to show the uniqueness of the solution to 
CP( 1.1). Therefore the proof is complete. 
Combining [ 11, Lemma 3.61 and Theorem 3.3, we have the following 
result. 
COROLLARY 3.4. In Theorem 3.3 the condition (Q) can be replaced by 
the condition (P) zf o(t. s): [o, (T +a] x [0,2r] + R+ is a Perron-type 
function. 
Remark 3.5. In Theorem 3.3 the dissipative type condition (3.5) can be 
replaced by the following condition: 
(x(t) - v(t), f(t, x,1 -f(t, Y,)> ~ d 44 Ix,- YtlaE)r 
FUNCTIONAL DIFFERENTIAL EQUATIONS 287 
COROLLARY 3.6. The conditions (l))(3) in Theorem 3.3 can be replaced 
by the following conditions: 
(1) z z 0 is the unique absolutely continuous function from 
(--a, o+a] into R+, which satisfies the initial condition (D+z)(o) = 0 and 
z,=OE&?~ and 
I I 2 G 4t, Iz,I &d for a.a.tE(o,a+a] 
(2) for x, yEXz[a, r], the inequality 
If(4 xt)-f(t, Yt)lE GM4 Ix, - Y,I.&) 
for a-a. te(G,d +a] holds. 
Whkn 59 = %?,, y > 0, and o in Theorem 3.3 is continuous, we have the 
following result, which extends [6, Theorem 11. 
PROPOSITION 3.7. Let BE=+?,,, y 20. Assume that f: [o, @+a] x 
&F(cp, r) + E is continuous and If iE< M on [a, o + a] x .BE(‘p, r) and that 
there exists a continuous function o(t, s): [a, o + a] x [0,2r] --+ R+ such 
that 
(1) u = 0 is the unique solution of the scalar differential equation 
du 
-==(t, u(t)), u(o)=O;and 
dt 
(2) the inequality 
Cq,(O) - (p2(0), f(t, cpl) -f(t, ($41~ G 4t7 Iv,(O) - (PZ(O)IE) 
is satisfied, whenever (cp 1, qp2) E Q, where ~2 is given by 
Q= {(cp,, v2)EgE(v, r)xgE(cp9 r)l b1-v21d~ 
= lcp,(O) - (PAO)lE~. 
Then CP( 1.1) has a unique solution existing on [a, o + i] for some i > 0. 
This result can be proved by the same argument as in the proof of 
[6, Theorem 11. 
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4. A COMPARISON RESULT 
In this section, we shall discuss the condition (Q) in Theorem 3.3. Let 
K(t) in the following conditions be as in axiom (B,). 
(Q,) z = 0 is the unique absolutely continuous function which 
satisfies the initial condition (D+z)(cr) = z(a) = 0 and 
dz 
dl=o(t, K(t-cJ)z(t)) for a.a. t~(0, a+~]. (4.1) 
We define a quantity fl;Y, - cc </If 6 co, by the relation 
Bf=limsup~(IlS(h)l(-I}, 
h-O+ 
where IIs(f)ll =su~{IS(t)cpl,~l Ivl gX d 1). In this paper we assume that 
flf~ R. We note that Examples 2.1 and 2.2 satisfy this assumption (cf. 
C121). 
(Sz,) z = 0 is the unique absolutely continuous function which 
satisfies the initial condition (D+z)(a) = z(a) = 0 and 
dz 
z = K(O) 4L z(t)) + Bfz(t) for a.a. t E (a, c + a]. (4.2) 
We need the following lemmas to show relationships among the condi- 
tions (Q), (Q,), and (Q2,). 
LEMMA 4.1 [12, Lemma 4.11. Let n: (a, a+a] x [0,2r] + R be a 
Kamke-type function. Assume that z = 0 is the unique absolutely continuous 
function which satisfies the initial condition (D’z)(a) =z(o)=O and the 
differential equation 
dz 
; = ?I(& z(t)) for u.a. t~(~,o+a]. (4.3) 
Zf u: (o, o + a] --f [0, 2r] is an absolutely continuous function satisfying the 
initial condition (D+u)(o) = u(a) = 0 and the differential inequality 
du(t) 
yp rl(4 u(t)) for aa. tE(c, a+~], 
then u(t) = 0 on [a, o + a]. 
LEMMA 4.2 [ 12, Lemmas 3.11, Suppose that the phase space B satisfies 
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axioms (B,) and (B,). Let x: (- 00, o + a) -+ X be continuous on [a, o + a) 
and x, E .!%. Then it holds that for any t E [a, o + a), 
6, Ix,la76K(O) P+X(olx+p;Y Ix,la, (4.4) 
whenever D + x(t) exists. 
PROPOSITION 4.3. Suppose that the phase space BR satisfies axioms 
(B,)-(B,). Assume that there exists a Kamke-type function o: 
(a, CT + a] x [0,2r] --, R+ such that 
(1) o( t, s) is nondecreasing in s for a.a. t E (a, CY + a]; 
(2) w(t, Iu,(~~)+O as t+a+O and JzT”o(t, Iv,lBR)dt<co, when- 
ever v: (-co, o + a] --) R + is any absolutely continuous function such that 
(D+u)(o) = 0 and II, = 0 E BR; and 
(3) the condition (Q,) is satisfied when BR fulj?lls axioms (Blt(B4), 
or the condition (Q,) is satisfied. 
Then the condition (0) is satisfied. 
Proof Let u: (- co, IJ + a] -+ R+ be any absolutely continuous func- 
tion satisfying the initial conditions (D+u)(o)=O and u,=OE~’ and the 
differential inequality (3.1). From the assumption (2) we have 
Set 
0 < u(t) 6 j-’ w(s, (u,I g~) ds. 
CT 
MS, Iu,I A ds for te(u, a+a] 
for te(---cO, 01. 
Clearly, 0 < u(t) d u(t) for t E [a, 0 + a]. Since v(t) is absolutely continuous 
and w( t, s) 9 0, it follows that 
o+(t)=~(r, lUII&) for a.a. t E (a, G + a]. (4.5) 
(1) Let the condition (Q,) be satisfied. Then, by (4.5), the non- 
decreasing property of w(t, s) and axiom (B2), we have, for a.a. 
tE(c7,o+a], 
$u(t)<w(t, K(t-a) sup U(S)) 
o.ss<r 
< o( t, K( t - o) sup u(s)). 
a<s<t 
409/154/l-20 
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Since v(t) is nondecreasing in t E [o, CJ + a] by (4.5), the above inequality 
is reduced to 
~u(t)eo(t.K(t-G)U(l)) for a.a. t E (a, c7 + a]. 
On the other hand, it follows from the assumption (2) that for any E > 0 
there exists a 6 > 0 such that 0 < o(t, Iu,I aR) < E if t E [a, cs + S]. Thus, for 
t E (CT, CJ + 6), we have 
o< u(t) 1 f 1 ’ ,-=- 
t-0 s t--a g 4.~ I u.sI 3~) ds < - s E ds = E, t--a R 
which yields that (D+u)(a) = U(G) = 0. Setting q(t, s) := o(t, K(t - a).~), we 
have u(t) = 0 by Lemma 4.1 and so, u(t) = 0. 
(2) Let the condition (Q,) be satisfied. Then, by (4.4) and (4.5), we 
obtain 
because \u,I BR is absolutely continuous. 
In view of axiom (B4) and the nondecreasing property of o, we have 
f z(t) G WO) 46 z(t)) + m(t) for a.a. t E (~7, 0+ a], 
where z(t) := Iu,I aR. It is easy to see that (D+z)(cr)=z(a) =O. Setting 
q(t, s) := K(0) w(t, s) + fles, we have z(t) = 0 by Lemma 4.1 and so, 
u(t) E 0. This completes the proof. 
Remark 4.4. The conditions (1) and (2) are satisfied for Nagumo-type 
function w( t, s) = s/( t - a). The above result generalizes [ 11, Lemma 3.51 
under the conditions ( 1) and (2). 
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